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Abstract
The paper presents a generalized semi-analytical actuator disk model as applied to the analysis of the ﬂow around ducted propellers
at diﬀerent operating conditions. The model strongly couples the non-linear actuator disk method of Conway[1] (J. Fluid Mech.
1998; 365: 235-267) and the vortex element method of Martensen[2] (Arch. Rat. Mech. 1959; 3: 235-270) and it returns the exact
solution, although in an implicit formulation, for incompressible, axisymmetric and inviscid ﬂows. The solution is made explicit
through a semi-analytical procedure developed and validated by Bontempo and Manna[3] (J. Fluid Mech. 2013;728:163-195).
Moreover the method duly accounts for non-uniform load radial distribution, slipstream contraction, mutual non-linear interaction
between duct and propeller, wake rotation, and ducts of general shape. Thanks to its extremely reduced computational cost it can
easily be integrated into design systems based on the repeated analysis scheme of hierarchical type. A comparison between open
and ducted rotors is carried out in order to quantify the eﬀects of the duct on the overall performance of the device. Emphasis is
given to the appropriate matching between the duct geometry and the propeller load to exploit the beneﬁts that could arise ducting
the propeller.
c© 2013 The Authors. Published by Elsevier B.V.
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1. Introduction
Ducted propellers consist of a combination of two principal components. The ﬁrst is an annular wing which can be
either symmetric with respect to the rotation axis or asymmetric to accommodate for the wake ﬂow ﬁeld variations.
The second component, i.e. the propeller, diﬀers from a typical open propeller because it has to be designed taking
into account the mutual interaction between the duct and the rotor.
In general, there are two main type of ducts: the accelerating (also called the Kort nozzle) and the decelerating
duct (also referred to as pumpjet). The former, commonly employed on tugs, trawlers, large tankers and supply
vessel, develops a propulsive thrust thus increasing the device eﬃciency and the inﬂow velocity of the propeller (for
this reason it goes by the name of “accelerating duct”). The second, typically used on fast carrier, yields a negative
propulsive thrust with a consequent decrease of the eﬃciency and of the inﬂow velocity of the propeller (for this
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reason it goes by the name of “decelerating duct”). However, thanks to the latter feature, the decelerating duct ensures
an high pressure at the rotor inlet thus reducing the danger of cavitation. Since the accelerating duct is the most
diﬀused and studied conﬁguration, in the paper only this kind of duct is analysed.
The early form of ducted propeller was patented by Ludwig Kort in 1924. In this preliminary concept the rotor was
installed in a long channel passing through the ship hull. The main drawback of this conﬁguration was the signiﬁcant
increase of the frictional resistance due to the presence of the channel. In the course of the time, the outline of the
device was developed by transforming the long channel into the nozzle ring characterizing the present day ducted
propellers. Finally, Stipa[4] and Kort[5] experimentally proved the increase of the eﬃciency which can be obtained
by ducting the propeller with an accelerating nozzle.
Although, for many years, the design and/or analysis of ducted propellers was mainly carried out on the basis of ex-
tensive experimental campaigns [6–10], several theoretical procedures have also been developed since the pioneering
work of Horn[11], and Horn and Amtsberg[12]. Most of these theoretical methods are generally based on the combina-
tion of diﬀerent representations of the velocity ﬁeld induced by the duct (lumped vortex, thin airfoil theory, panel meth-
ods etc.) with the one induced by the rotor (actuator disk, lifting line, lifting surface, boundary element methods, etc.).
Some examples are due to: Ku¨chemann and Weber[13], Tachmindji[14], Ordway et al.[15], Morgan[16], Morgan[17],
Dyne[18], Ryan and Glover[19], Morgan and Caster[20], Caracostas[21], Tsakonas et al.[22], Van Houten[23], Ker-
win et al.[24], Kinnas and Coney[25], Coney[26], Kinnas and Coney[27], Baltazar and Falca˜o de Campos[28], and
C¸elik et al.[29]. More recently, computational ﬂuid dynamic (CFD) based methods have also been frequently used to
study several aspects of the ﬂow around ducted propellers [30–35].
Although, among the previously mentioned methods, the linearised actuator disk undoubtedly represents the oldest
and easiest model used to analyse the ﬂow around a propeller [36,37], it is still widely employed both in its linear
[38] and non-linear formulation [1,39,40]. Remarkable examples of ducted propellers modelled through an actuator
disk are due to: Dickmann and Weissinger[41], Chaplin[42], Van Gunsteren[43], Gibson and Lewis[44] and Falca˜o de
Campos[45]. Extending to ducted rotors the non-linear actuator disk theory of Conway[1], Bontempo and Manna[3]
have recently obtained the exact solution of the ﬂow around a ducted actuator disk. Compared with early literature,
the method simultaneously accounts for the proper shape of the slipstream, the rotation of the wake, a variable radial
distribution of the load, and ducts of general shape. In section §2, the theoretical foundations of the method are
summarized and some meaningful results are presented. Finally in §3, in order to bring out the beneﬁcial eﬀects of
the duct on the eﬃciency, the method is applied to compare the performance of ducted and open propellers. Insight
about the matching conditions of the ducted conﬁguration are provided analysing the local ﬂow features at the duct
inlet.
2. The non-linear ducted actuator disk ﬂow model
The steady, axysimmetric, incompressible and inviscid ﬂow around a ducted propeller is modelled by means of
a non-linear actuator disk with an arbitrary radial distribution of the load. Dealing with rotational symmetry, it is
obviously advantageous to introduce a cylindrical coordinate system (ζ, σ, θ) with origin at the centre of the disk and
with the ζ axis pointed in the free-stream velocity U∞ direction. Moreover, the ﬂow being axysimmetric, the problem
can be best formulated in terms of the Stokes stream function Ψ whose deﬁnition is
u + U∞ =
1
σ
∂Ψ
∂σ
, v = − 1
σ
∂Ψ
∂ζ
, (1)
where u = (u, v,w) is the velocity vector. Substituting equation (1) in the deﬁnition of the θ-component of the vorticity
ωθ yields the following governing equation for the through-ﬂow [39,46]:
∂2Ψ
∂σ2
− 1
σ
∂Ψ
∂σ
+
∂2Ψ
∂ζ2
= −ωθσ. (2)
Outside the wake, the tangential component of the vorticity ωθ, appearing in equation (2), is obviously zero, while
inside the slipstream it can be related to the propeller load H(Ψ) = ΔHacross the disk = H(Ψ)|(ζ>0,σ<σs) − H∞ by means
of the momentum equation which, neglecting the body forces, reads
u × ω = ∇H, (3)
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where H = p/ρ +
(
u2 + v2 + w2
)
/2. In particular, with some remarkable algebra, the θ-component of the vorticity ωθ
can be expressed as [39]
− ωθσ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ω2σ2 −H
Ω2
dH
dΨ
inside the slipstream,
0 outside the slipstream,
(4)
where Ω is the angular velocity of the rotor. Substituting equation (4) in (2) leads to the following form of the
governing equation:
∂2Ψ
∂σ2
− 1
σ
∂Ψ
∂σ
+
∂2Ψ
∂ζ2
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ω2σ2 −H
Ω2
dH
dΨ
inside the slipstream,
0 outside the slipstream.
(5)
Finally to complete the through-ﬂow diﬀerential problem formulation, the conditions at inﬁnity and at the duct
boundary [3] have to be associated to equation (5):
1
σ
∂Ψ
∂σ
→ U∞, ∂Ψ
∂ζ
→ 0 as ζ → −∞ or σ→ ±∞, (6a)
∂Ψ
∂ζ
→ 0 as ζ → +∞, (6b)
Ψ = Ψ0 = const. on C, (6c)
where C is the duct wall surface.
Summarizing, the solution of the diﬀerential through-ﬂow problem is the Stokes stream function induced by an
actuator disk with prescribed radial distribution of the load H and angular velocity Ω that satisﬁes equation (5).
Moreover, the resulting induced axial velocity far away from the slipstream has to approach the free-stream value
U∞ and the radial velocity has to vanish everywhere at inﬁnity (see conditions (6a) and (6b)). Finally, for the ducted
conﬁguration, the solution Ψ has to make the duct a stream surface (condition (6c)).
It is noteworthy that the slipstream edge σs(ζ), deﬁning the space region outside of which the tangential vorticity
vanishes (see equation (4)), is not know in advance and must be computed as a part of the solution of equation (5).
At the end once the through-ﬂow problem has been solved, the tangential velocity induced by the disk can be
simply computed through the angular momentum equation
H(Ψ) = H(Ψ) − H∞ = Ωσw. (7)
With the help of the Hankel transform, it can be shown [39,47] that the stream function of a ring vortex with unit
radius r and strength κ is the Green function of the linear elliptic operator on the left-hand side of equation (5). This
means that the ﬂow around the ducted actuator disk can be modelled by the superposition of ring vortices [3] each of
which induces the following stream function and velocity distributions [48,49]:
Ψ′(ζ, σ)
σ
=
κr
2
∫ ∞
0
e−s|ζ−z|J1(sr)J1(sσ) ds, (8)
u′(ζ, σ) =
κr
2
∫ ∞
0
e−s|ζ−z|sJ1(sr)J0(sσ) ds, (9)
v′(ζ, σ) = ±κr
2
∫ ∞
0
e−s|ζ−z|sJ1(sr)J1(sσ) ds. (10)
In the above equations, the ring vortex is located at (ζ = z, σ = 0), J is the Bessel function of the ﬁrst kind and the
positive sign is for ζ − z ≥ 0 and vice versa.
In more detail, a continuum surface singularity distribution γad(ζ, σ) can be employed to model the vortical wake
region [1], while the ﬂow around the duct can be described through a sheet of ring vortices with density strength γd(c),
where c is the curvilinear abscissa along the duct section proﬁle [2]. Thus, integrating equation (8) over the wake and
1110   Rodolfo Bontempo et al. /  Energy Procedia  45 ( 2014 )  1107 – 1115 
−1 −0.5 0 0.5 10
0.5
1
1.5
2
ζ/σad
σ
/σ
ad
Fig. 1: Propeller ducted with NACA 4415 proﬁles: duct D1, D2 and
D3.
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Fig. 2: Propeller ducted with a NACA 4415 proﬁle at α = 6◦ with
b̂ = 5 and J = 0.5: radial distribution of the load.
the proﬁle leads to the exact solution for the overall ﬂow [3]
Ψ(ζ, σ)
σ
=
1
2
∫ ∞
0
∫ σs(z)
0
∫ ∞
0
e−s|ζ−z|γad(z, r)rJ1(sr)J1(sσ) ds dr dz +
1
2
∮
C
∫ ∞
0
γd(c)r(c)e−s|ζ−z|J1(sr(c))J1(sσ) ds dc +
U∞σ
2︸︷︷︸
Ψd(ζ, σ)
σ
. (11)
The ring vortex strengths γad and γd have to be such that the resulting overall stream function Ψ satisﬁes problem
(5)-(6). In particular, it can be shown ([3] and reference therein) that γad(ζ, σ) has to be equal to the θ-component of
the vorticity ωθ(ζ, σ) which is related to the radial distribution of the load through equation (4). Moreover, it can be
further shown [3] that γd(c) has to satisfy the following Fredholm integral equation of the second kind:
− 1
2
γd(c) +
∮
C
k(c, c˜)γd(c˜) dc˜ + (U∞ + u(c)) cos β(c) + v(c) sin β(c) = 0, (12)
where β(c) is the local proﬁle slope and k(c, c˜) is the velocity parallel to the surface, at c, induced by a ring vortex
of unit strength located at c˜. Finally in order to mimic the lifting behaviour of the duct, the γd(c) distribution has to
satisfy the Kutta condition at the trailing edge. Although equation (11) is exact, the Stoke stream function Ψ can not
Table 1: Propeller ducted with a NACA 4415 proﬁle: geometry and operating condition.
chord/σad α tip gap/σad J
1.0 6.0◦ 12.7◦ 20.0◦ 1.5 % 0.5
duct D1 duct D2 duct D3
be directly evaluated via (11) because of the formulation implicitness.
The iterative and semi-analytical procedure employed to compute the solution Ψ is deeply described in [3] and it
is not reported herein for the sake of brevity. The method can handle arbitrary radial distributions of load that can be
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Table 2: Propeller ducted with a NACA 4415 proﬁle at α = 6◦ with b̂ = 5 and J = 0.5: performance coeﬃcients.
CT CT,rot CT,duct CP η
1.59 1.26 0.33 2.10 0.76
cast in the following polynomial form:
H(Ψ) =
M∑
m=0
am
(
Ψ
Ψσad
)m
, (13)
where Ψσad is the stream function at (ζ = 0, σ = σad) and σad is the radius of the actuator disk. In the above equation
only the quantities am constitutes the user deﬁned input parameters to be supplied to the method.
In this paper the following typical deﬁnitions are used for the thrust and power coeﬃcients:
CT =
T
1
2ρU
2∞πσ2ad
, CP =
P
1
2ρU
3∞πσ2ad
,
where T and P are the magnitude of the thrust and the power experienced by the device. For the ducted propeller the
overall thrust can be divided into the duct and the rotor thrust
T = Trot + Tduct,
thus obtaining CT = CT,rot + CT,duct. Table 2 lists the performance coeﬃcients for a propeller ducted with a NACA
4415 whose chord makes a α = 6◦ degree angle with the ζ axis (see Table 1 and Figure 1 for geometrical details). The
radial distribution of the load presently adopted is of the following type:
H(Ψ) = a1
⎡⎢⎢⎢⎢⎢⎣ ΨΨσad −
(
Ψ
Ψσad
)2⎤⎥⎥⎥⎥⎥⎦ , (14)
with the load magnitude parameter b̂ = σ2ada1/U∞Ψσad = 5. The advance coeﬃcient has been set equal to J =
U∞/nD = 0.5, where n and D are the rotational speed and the propeller diameter, respectively. Despite its simplicity,
the radial distribution of the load (Figure 2) obtained with equation (14) has a good physical resemblance with that of
a generic propeller.
3. The duct eﬀect: linear and non-linear analysis
As stated in the introduction, ducted propellers are widely diﬀused devices which are mainly employed to improve
the propulsive eﬃciency of heavily loaded rotors. Signiﬁcant and meaningful insights into the possibility to obtain an
increase of the eﬃciency can be gained by the one dimensional linearised actuator disk theory with no wake rotation
(see for example Von Mises[50], Ku¨chemann and Weber[13] and Oosterveld[10]). With the help of the classical
hypothesis of the previously mentioned theory, the magnitude of the work done by the propeller can be expressed as
W = H = Δprot
ρ
=
1
2
(u2e − U2∞). (15)
In the above equation, Δprot is the pressure diﬀerence across the rotor and ue is the wake velocity at inﬁnity down-
stream. Making use of equation (15), the power absorbed by the propeller reads
P = m˙W = ρurotArot
Δprot
ρ
= urotTrot, (16)
where Arot = πσ2ad, urot is the axial velocity at the rotor plane and Trot = ΔprotArot is the magnitude of the rotor thrust.
From the axial momentum equation, the expression for the magnitude of the overall thrust can be obtained
T = m˙(ue − U∞) = ρurotArotU∞ (̂ue − 1), (17)
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Fig. 3: Eﬃciency comparison between open and ducted propellers.
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Fig. 4: Duct thrust coeﬃcient for ducted propellers.
where ûe = ue/U∞ is the dimensionless wake velocity downstream at inﬁnity. Using equations (15), (16) and (17),
the performance coeﬃcients of the device can be cast in the following form:
CT,rot =
Trot
1
2ρU
2∞Arot
=
2H
U2∞
= û2e − 1, (18)
CT =
T
1
2ρU
2∞Arot
= 2̂urot (̂ue − 1), (19)
CP =
P
1
2ρU
3∞Arot
= ûrotCT,rot =
CT
2
(̂ue + 1). (20)
Finally, the propulsive eﬃciency is
η =
CT
CP
=
2
ûe + 1
=
2
1 +
√
1 +CT,rot
. (21)
The aim of the duct is to increase the eﬃciency for a prescribed propulsive thrust required by the carrier. Therefore,
from equation (21), it is clear that this result is achieved decreasing the rotor thrust, while the missing axial force
must be delivered by the duct. In fact, in order to keep constant the overall propulsive thrust of the device (given by
T = Trot + Tduct), the duct must be designed in such a way that Tduct and Trot have the same direction. Conversely, if
the direction of Tduct is opposite to that of the Trot, then the latter has to be increased with a consequent drop in the
eﬃciency. At the end, it is noteworthy that the duct improves the eﬃciency by reducing the rotor load, but increasing
the mass ﬂow rate swallowed by the propeller. In fact from equation (18) a decrease in the rotor thrust implies a
decrease in the wake velocity downstream at inﬁnity which, the total thrust in equation (17) being constant, leads to
an increase in the mass ﬂow rate.
Turning now to the more accurate and realistic non-linear actuator disk theory described in §2, Figure 3 shows the
comparison between the propulsive eﬃciency of the ducted propellers described in Table 1 and the open propeller at
diﬀerent values of CT . In particular, the open propeller results are obtained with the same load radial distribution type
(equation (14)) and advance coeﬃcient of the ducted propellers. Figure 4 presents the thrust coeﬃcient of the ducts of
Table 1 at diﬀerent values of CT ; as customary the CT,duct coeﬃcient is considered positive (negative) if Tduct and Trot
have the same (opposite) direction. As showed in Figure 3, the propellers equipped with the duct D1 is characterised
by an higher eﬃciency, regardless of the CT value. This is due to the positiveness of CT,duct for all CT (see Figure 4).
Otherwise ducts D2 and D3, for small CT values, exert an axial force with opposite direction in comparison to the
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Fig. 6: Percentage variation in eﬃciency for ducted and open pro-
pellers.
rotor thrust thus obtaining, in accordance with the linearised theory, a lower eﬃciency compared with that of the open
propeller. Furthermore, the relative contribution of the duct to the propulsive thrust becomes larger and larger as the
overall thrust increases (see Figure 5). Consequently, compared with the open propeller, the eﬃciency increases as
well (see Figure 6).
Another very important aspect that deserves to be investigated is the appropriate matching between the rotor and
the duct at diﬀerent operating conditions. In particular, as already stated, the duct shape and its arrangement have to
be devised as to increase the eﬃciency. From this point of view, it is essential to avoid ﬂow separation on both sides
(inner and outer) of the duct which is likely to occur for heavily loaded nozzles at oﬀ-design conditions. In more
detail, if the rotor load and consequently the mass ﬂow swallowed by the propeller are much lower (larger) than the
design one, then the front stagnation point is located on the internal (external) surface of the duct thus promoting ﬂow
separation on the external (internal) surface. The displacement of the stagnation point in the leading edge region as the
load is changed is clearly visible in Figure 7 reporting the stagnation streamlines for duct D2 at diﬀerent CT values.
Figure 8 shows instead the wall pressure coeﬃcient Cp,w = (p− p∞)/ 12ρU2∞ distribution for duct D2 at diﬀerent values
of CT . As anticipated, for high and low values of the rotor load the Cp,w proﬁles point out the presence of undesired
velocity peaks that could lead to ﬂow separation. Always with reference to duct D2, the value of CT for which the
leading edge is unloaded (optimum incidence) is CT ≈ 5.59.
On the other side, from a design point of view, if the targetCT value is signiﬁcantly higher or lower thanCT = 5.59,
then the geometry of the duct should be changed in order to prevent ﬂow separation. One way to overcome this
problem is to modify the angle α between the proﬁle chord and the ζ axis for a prescribed shape of the proﬁle itself
(see Table 1 and Figure 1). For CT < 5.59 a duct with a lower value of the α angle should be employed and vice versa.
In fact, for ducts D1 and D3 the optimum incidences are those associated to the followingCT values: CT ≈ 1.59 < 5.59
and CT ≈ 8.71 > 5.59.
4. Conclusions
A generalised semi-analytical actuator disk model, which strongly couples the actuator disk theory of Conway[1]
and the the vortex element method of Martensen[2], has been employed to analyse the ﬂow around open and ducted
propellers. In particular, the method has been shown capable to deal with ducts of general shape, and rotors with
variable distribution of the load and wake rotation. The analysis of the results about ducted propellers with diﬀerent
values of the rotor load have shown that, in order to increase the device eﬃciency for prescribed propulsive thrust,
the duct must be properly designed. In more detail, according to the linearised theory, the coupling between the duct
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Fig. 7: Streamlines for duct D2 at diﬀerent values of the thrust coef-
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Fig. 8: Wall pressure coeﬃcient for duct D2 at diﬀerent values of the
thrust coeﬃcient CT .
and the rotor has to return a lower rotor load, i.e. Tduct and Trot need to have the same direction. Furthermore, the
beneﬁcial eﬀect of the duct is shown to be particularly signiﬁcant for heavily loaded propellers. Finally, the method
has been successfully employed to properly match the duct and the rotor, the optimal matching being based on the
analysis of the local ﬂow characteristics occurring in the duct leading edge region.
The computer code is freely available on contacting the authors.
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